Abstract: Coordinate transformation technique is employed to engineer a metamaterial slab that enables planar wave emission from a planar or line localised source. First a rigorous cylindrical to rectangular coordinate transformation is applied resulting in with a sheet current generating a plane wave with impedance matching at the boundary between the device and the surrounding medium. Then, based on physical reasoning, the material constitutive parameters are further reduced to having only one entry of the spatially varying permeability tensor instead of two entries as discussed in the references. This further reduction is equivalent to modifying the near field in the transformed domain. Finally, due to a specific mu-near-zero condition near the origin, the sheet source is transformed to a localised one in the transformed domain and via full-wave simulations, the authors show that the field is still propagating as a plane wave. Moreover, the transmission line (TL) metamaterial implementation with discretised spatially varying permeability is designed. The capacitor-and inductor-loaded two-dimensional TL grid is used to synthesise the required spatially varying relative permeability in the wavefront converter metamaterial slab. The TL metamaterial design is proven to successfully synthesise a planar wave front using a microwave circuit simulator.
Introduction
The application of coordinate transformation in electromagnetics has received increasing attention in the last years. This technique, which relies on the form-invariance of Maxwell's equations through a spatial coordinate transformation, provides a methodology to manipulate electromagnetic waves by engineering non-homogeneous anisotropic constitutive parameters, namely the permittivity and the permeability [1] [2] [3] [4] based on a transformation scheme. Novel applications of transformation electromagnetics also known as transformation optics include various devices such as the invisibility cloak [5] , the electromagnetic concentrator [6, 7] , illusion device [8] , super absorber [9] and super scatter [10] .
Here we present a directive emission device which can be integrated into antenna design as another application of the coordinate transformation. A coordinate transformation for converting cylindrical to plane waves was discussed in [11] , based on spatially dependent constitutive material parameters, expressed as tensors in general. Moreover, as an application of the wave front conversion, a highly directive antenna was proposed in [12] by mapping a half circle into a slab which needs infinite permittivity near the origin. A highly directive multi-beam emission has been proposed in [13, 14] by proposing a wide triangle segment mapping into narrow ones. A directive emission composed of feeding source covered by an anisotropic composite metamaterial has been proposed in [15, 16] . This structure is engineered by transforming a radiating cylindrical space into a rectangular one. A systematic design procedure based on quasi-coordinate transformation technique has been proposed in [17] for the design of a lens antenna. In this procedure, the required three-dimensional (3D) permittivity profile which is obtained by transformation of the tiny cells can limit the design and implementation.
In this paper, a general coordinate transformation is applied to synthesise a metamaterial slab that enables planar TM-wave emission from a planar or line localised source. The presented design also applies a reduction of constitutive parameters which decreases the number of spatially dependent constitutive parameters and at the same time preserves the advantages of the transformation scheme such as emission with a planar wavefront and wave matching to the surrounding space. This reduction procedure which is equivalent to modifying the near field in the transformed domain is justified analytically based on the Maxwell equations which have not been proved, previously. As a result, the final metamaterial design comprises constant constitutive parameters with respect to position, except for only a single permeability tensor entry that varies only along a single principal direction (say x). Therefore, the resulting constitutive parameters are simple and easy to implement in practice. Although our proposed transformation scheme in general form is similar to the ones proposed in [15, 16] , the final proposed constructive parameters are only spatially dependent in one direction compared with the ones introduced in these references which are spatially dependent in two directions. Moreover, the perfect impedance matching at the outer boundary enhances our proposed slab performance. In addition, as discussed in the next sections, due to a specific mu-near-zero (MNZ) condition near the origin, the sheet source is transformed to a localised one in the transformed domain and therefore, the localised source can be planar or line emitter which enhances the design flexibility rather than the references works.
The proposed scheme of transformation is shown to successfully enable plane wave emission based on full-wave simulations. To validate the design concept with metamaterial implementation based on unit cells, the designed metamaterial slab with constitutive parameters, (μ x , μ y , ε z ) is realised as a 2D transmission line (TL) metamaterial. For this purpose, the TL unit cells are loaded with same proper lumped reactive elements to achieve the required effective permeability. Finally, the designed TL network is simulated at 100 MHz in a microwave circuit simulator to validate the operation of the engineered metamaterial. We show that the transformation scheme can be used for wavefront conversion even with discretisation of the spatial dependence function with respect to the metamaterial building block period for the implementation with a 2D TL metamaterial. The designed metamaterial requires the implementation of negative permeability which in principle cannot a wideband using foster circuit elements.
Cylindrical to plane wave coordinate transformation
The coordinate transformation concept is graphically shown in Fig. 1 . For converting a cylindrical wave to a plane wave, the concentric circles in the virtual space x′, y′ should be transformed to the parallel vertical lines in the real space x, y . There are various possible choices for this kind of transformation [12, 15, 16] . Here we start with a general scheme which reads as
Assume that the virtual space (denoted by primed coordinates) is a vacuum, thus isotropic, (with relative permittivity and permeability as ε′ = I and μ′ = I, respectively, where I is the identity tensor). Based on the metric invariance of Maxwell's equations [1, 3-5, 18, 19] , the constitutive relative permittivity and permeability tensors of the medium in the real space is
The system under investigation is invariant along the z-direction, thus it is essentially the 2D problem. Therefore assuming the presence of only transverse-to-z magnetic (TM) waves, the magnetic field has the x and y components and the electric field has only the z component. Effectively, only μ x , μ y and ε z in (2) govern the propagation of the TM waves (the subscripts x, y, and z denote the xx, yy, and zz entries of the tensors, respectively). As for the transformation scheme, we adopt specific functions x = f ρ′ = wρ′/R and y = g ϕ′ = Lϕ′/π. Here the choice of ∂g/∂ϕ′ and ∂ f /∂ρ′ as constants is motivated by having simple to implement functions. This leads to
In the transform scheme, we expect the cylindrical wave in the virtual space to map to plane wave propagation in the +x-direction in real space. The impedance defined at x = w as
is required to be continuous between the slab and the free space at x = w. Indeed, when the slab is chosen with the dimensions L/π = R = w = 1.5 m, the impedance at x = w will be matched to the surrounding free space wave impedance. For the chosen size, the permittivity and permeability (called direct parameters from now on) versus x are plotted in Fig. 2 with blue dashed curves. In order to validate the design formula, full-wave simulations based on the frequency-domain finite element method (implemented via COMSOL Multi-Physics) are carried out for the design with the above direct parameters. In the 2D simulation domain, the fields are invariant in the z-direction. The slab is excited by a z-directed surface current density (here referred to as sheet source) at x = 0. The sheet source corresponds to the line current in the virtual space noting that the origin of the virtual space maps to the edge of the metamaterial at the left (x = 0) side. The metamaterial domain is surrounded by vacuum on all sides of Fig. 2 . Perfectly matched layers are implemented at the boundary of the full-wave simulation domain to suppress reflections and mimicking unbounded space.
In Figs. 3a and b, we report E z and H y , respectively, in isotropic x′ − y′ free space at a nominal frequency of 100 MHz, where the cylindrically emanating waves are observed from a z-directed current line source. Then in Figs. 3c and d, we report the case after coordinate transformation, leading to the metamaterial slab excited by the sheet current. In practical cases, we consider a metamaterial slab only on one side of the source. In this case, most of the power is emitted towards the free space side (the −x direction) due to the high impedance is seen from the source sheet looking towards the metamaterial side (+x direction). This can be attributed to the growing μ y and decrease ε z close to x = 0.
In order to eliminate the inefficient emission towards the metamaterial and to further simplify the spatial dependence of the constitutive parameters, we make another step of reduction in the constitutive parameters under certain assumptions introduced hereafter (refer to Appendix for more details). However, the reduction approach has been introduced in [20] , here we focus on analytical prove of this approach. Let us look at the TM wave equation (derived in Appendix) in terms of the constitutive parameters relevant to TM polarisation that vary only as a function of x
Substituting the constitutive parameters in (3) into (5) 
It can be observed that if we consider a plane wave solution (i.e. a wave not varying in y and z) of (6) this is not a plane wave with constant amplitude mainly because of the last term, and indeed the field amplitude would vary in x. However, for large x, the solution tends to be that of a plane wave with a constant amplitude that propagates along x (guaranteeing that the second term regarding the derivative with respect to y also vanishes). For large x, such a wave is a solution of the wave equation as
where the last term in (6) has been neglected. This plane wave is consistent with the transformation in (2) because in the original x′ − y′ domain [ Fig. 1a] , the corresponding cylindrical field solution is represented by Hankel function that near the origin does not behave simply as e − jkρ′ / ρ′ due to near field represented by a logarithmic function. Only far from the origin, the cylindrical wave asymptotically behaves as e − jkρ′ / ρ′ which corresponds to a pure plane wave in the transformed real space. Therefore, if in the transformed domain, we neglect the last term of (6), the equation becomes the one that admits a constant-amplitude plane wave as a solution. We aim to map mainly the propagative 'far-field' from the source in the virtual x′ − y′ space onto a plane wave in the transformed space, whose 'far-field' solution (i.e. for large x) is directly obtained by (5) after dropping its last term. We will exploit this fact in simplifying the constitutive parameters with the next step of modification.
Rewriting (5) by neglecting the last term, the TM wave equation in the metamaterial slab reduces to
In = μ y /a as a constant (thus a ∝ μ y ) we can guarantee that the last term in (9) is zero. Accordingly, (8) and (9) become identical, and the metamaterial with the modified parameters is expected to guide the waves in the same manner as the original metamaterial under the approximations that these equations are derived. Therefore the solution of (9) is asymptotically (for large x) equal to the one of (6). Eventually, we have defined a new step of modifying the constitutive parameters without altering the wave equation of the propagation waves for large x, whose validity is also verified by full-wave simulations.
Consider the three constitutive parameters μ x , μ y , ε z that the TM waves propagation depends on, then divide μ x , μ y by a = μ y / χ and multiply ε z by a = μ y / χ, where χ is a proper constant used for matching purposes. This further parameter modification in the transformed domain keeps ε z μ x and ε z μ y functions intact. The modified relative constitutive parameters are thus expressed as
Note that now only μ x m depends on x whereas μ y m and ε z m are invariant with respect to position. A plane wave propagating along the x-direction at the material boundaries (in the real space) should be matched to the isotropic region to avoid reflection. This implies that the impedance TM wave propagating along the x-direction should be matched to the surrounding medium's wave impedance. Here the surrounding medium is taken as a vacuum with the wave impedance η 0 , and the wave impedance η TM = η 0 μ y m /ε z m should be matched to η 0 at x = w. Accordingly, the parameter χ is set to be equal to R/w. With this condition, the final relative constitutive parameters are simplified as
In , which will be used in Section 3. The converter slab made of metamaterial with the modified constitutive parameters reported in Fig. 2 with solid black curves is also simulated in the full-wave environment. In Figs. 4a and b, we report a time-shot of the z-polarised electric and magnetic field distribution at 100 MHz, respectively, using the metamaterial slab with modified parameters excited by an electric current sheet. Note that this time, the plane wave emanates in both + and −x directions with equal amplitude. However, it is interesting to show that not only the electric surface current but also a line current source leads to plane wave emission when using the metamaterials slab. To this aim, we report the electric and magnetic field in Figs. 4c and d excited by a line source, all normalised by their respective maxima at the plane wave regions. Strikingly, the slab is able to facilitate emission of a plane wave also by a line source. Note that for the transformation scheme in Fig. 1 , every point in the cylindrical virtual space, except the origin, maps to a single point in the rectangular slab in the real space. The origin in the cylindrical virtual space, on the other hand, maps to the edge on y line in the rectangular real space. In the ideal transformed case, the z-directed line current at the origin in virtual space corresponds to a z-directed sheet current along the x = 0 side of the slab. However, we have shown that the metamaterial slab can lead to planar wave front radiation even for the line current at the origin. This can be attributed to the fact that a line current in the virtual space at an infinitesimal distance from the origin, emits cylindrical waves almost identical to the source at the origin; at the same time, it maps to a point at an infinitesimal distance to the origin at the rectangular real space. From constitutive parameters aspect, we observe that μ x m vanishes at the x = 0 edge of the slab. This corresponds to a resonance condition with MNZ where the field profile of the line source at y = 0 is transferred along the y-direction almost without losing intensity and in phase.
The transformation scheme introduced here would also hold for the dual case, where TE waves could be altered by simply implementing a single spatially-varying permittivity tensor entry.
TL metamaterial synthesis
For a metamaterial demonstration by synthesising the designed constitutive parameters, a TL approach is selected. In the TL approach, for a 2D periodic mesh grid loaded by series lumped impedance as shown in Fig. 5 , the effective diagonal permeability and permittivity can be described by [21] 
where L dis (H/m) and C dis (F/m) are the distributed (per-length) inductance and capacitance of the TL, respectively, d is the microstrip grid period, and Z x, y are the series lumped impedances along the x and y directions, respectively. The surrounding isotropic medium (ISO medium) is implemented as the isotropic TL grid (without series impedance loading) shown in Fig. 6c . The unloaded microstrip is the background medium, so the constitutive parameters in the slab are normalised by the ISO medium's permittivity and permeability which are calculated by inserting Z x, y = 0 in (12) leading to μ x
In the designed slab, we need spatially varying μ x , whereas the required μ y and ε z (relative to the isotropic background) are constant and equal to the isotropic surrounding medium. Therefore, it is sufficient to load the microstrip grid only along the y-direction, and then constitutive parameters of the TL metamaterial slab are
To synthesise the constitutive parameters expressed in (11) with these relations, we chose L = 2R = 2w = 3 m same as the simulated case above. Note that the only spatially varying parameter is μ x
< μ x ISO , the TL should be loaded with capacitor (Fig. 6b) whereas for μ x TL > μ x ISO , the TL should be loaded with inductor (Fig. 6d) . The TL grid made of 1.5 mm wide microstrip line is designed on an FR4 substrate with relative permittivity ε FR4 = 4. The meshsize is chosen as d = 15 cm which is less than λ g /8 at the design frequency, 100 MHz, where λ g = 1.13 m is the equivalent guided wavelength in the isotropic TL grid. Also, the whole structure is shown in Fig. 6a consists of 30 × 30 unit cells (3.98λ g × 3.98λ g ) that the converter slab is made by 10 × 20 (2.65λ g × 1.32λ g ) cells.
The continuous change of μ x TL with respect to x, cannot be applied to the 2D TL grid metamaterial since the structure is made up of unit cells with finite dimensions. The step-wise approximation μ x TL is applied in such a way that each cell bears the value of μ x TL corresponding to the x-position of the cell's centre, as presented in Fig. 2 . The modified parameters sampled at the centre of each cell, are tabulated in Table 1 (11) and (13), the required capacitors and inductors are calculated and tabulated in Table 1 .
The TL grids should be terminated with a proper impedance to minimise the reflection from the edges, mimicking an unbounded environment. This proper termination impedance can be computed via Bloch theory [19] and it depends on the propagation direction of a Bloch wave. Based on the simulation results presented in Figs. 3 and 4 , we expect to observe a wave with almost planar wavefront propagating in the x-direction inside the ISO medium with the wavenumber k x = ω μ x ISO μ 0 ε z ISO ε 0 . Therefore, the edges of the grid on −x and +x sides are terminated by the ISO medium normal-incidence Bloch impedance of 29 Ω which matches the main component of the spatial spectrum of the waves propagating along the x-direction. Note that since the power is expected to propagate mainly along x, the power propagating along y is negligible. Therefore, we leave the y-direction edges of the ISO medium open, which supports the plane wave propagating along the x-axis. On the other hand, when simulating the ISO medium without the anisotropic slab, the choice of termination impedances is strongly dependent on the termination point for which the incidence angle of the main Bloch wave component varies as a function of position since the waves emanate cylindrically from the source. The Bloch impedance varies for propagation directions defined by (k x , k y ) pairs varying between 29 and 42 Ω on the edges along the x and y directions. We used the 34 Ω Bloch termination value as a weighted average of the required matching impedances over the termination nodes at the edges of the ISO medium. The maximum reflection coefficients turn out to be ∼0.1 and indeed as shown in the following results, the little mismatch led to no observable reflection at the grid edges.
We use a commercial microwave circuit simulator (Agilent's Advanced Design System, ADS) to simulate the structure. An AC voltage source is used to excite the network, which is located half of the cell away from the left slab boundary. First, we simulate the TL network without the converter slab, i.e. the source in the ISO medium. The normalised voltage distribution of the TL grid nodes is plotted in Fig. 7a at 100 MHz. The cylindrical wavefront can be seen in this figure clearly.
In Fig. 7b , the TL network with a converter slab surrounded by ISO medium is simulated. The normalised voltage distribution at the TL grid nodes, i.e. the centre of the cells as shown in Fig. 5 , is plotted in Fig. 7b . The designed TL slab converts the cylindrical to the planar wavefront. Comparing the normalised electric field distribution in Figs. 3 and 4 and normalised voltage distribution in Fig. 7 verifies the ability of the designed TL converter slab to convert the cylindrical wavefront to planar one.
Conclusion
The coordinate transformation was applied for cylindrical to plane wavefront conversion. In addition to conventional transformation method, the constitutive parameters are engineered in an additional step to further simplify the spatial dependence. The final constitutive parameters are constant except only a single spatially varying parameter. Therefore, the proposed constitutive parameters, permittivity, and permeability are simple and easy to implement in practice. First using full-wave simulations of a bulk metamaterial slab, we proved that the designed metamaterial enables localised sources to emit planar waves. The metamaterial slab with single permeability tensor entry is shown to convert TM wave front via full-wave simulations. The dual case for converting TE waves by requiring only a single spatially-varying permittivity tensor entry could be also utilised since controlling permittivity could be more convenient, depending on the frequency of operation. Finally, a TL metamaterial made of a planar microstrip line grid loaded with lumped capacitors and inductors were used to synthesise the proposed metamaterial converter slab. Both the fullwave simulation of a bulk metamaterial slab and the circuit simulation of the TL grid verified the concept of circular to a planar wave converter that is also impedance matched to the free space region. 
